I. INTRODUCTION
Intracule ͑relative motion͒ and extracule ͑center-of-mass motion͒ densities are two particle-pair densities. For atoms and molecules, the elucidation of the relative motion between a pair of electrons is a keystone in a profound understanding of their electronic structures. Therefore, the intracule density, in either its three-dimensional or spherically averaged form, is a convenient and powerful tool for such purpose. In position space, the three-dimensional intracule density I(u) and its spherical average h(u) of an N-electron system (Nу2) are defined ͓1͔ by
where uϵ(u,⍀ u ), ␦͑r͒ is the three-dimensional Dirac delta function, and the angular brackets ͗ ͘ stand for the expectation value. The intracule densities I(u) and h(u) represent the probability density functions for the relative position vector r j Ϫr k and its magnitude ͉r j Ϫr k ͉ of any pair of electrons j and k to be u and u, respectively. The two densities are normalized to the number of electron pairs:
The momentum-space counterparts are defined, analogously to Eq. ͑1a͒-͑1c͒, by
h͑v ͒ϵ 1 4
where vϵ(v,⍀ v ). The intracule densities Ī(v) and h(v) are the probability density functions for the relative momentum vector p j Ϫp k and its magnitude ͉p j Ϫp k ͉ of any pair of electrons j and k to be v and v, respectively. The intracule densities in position space have been used for the analysis of several physical and chemical problems such as Hund rules ͓2,3͔, chemical bonds ͓4-9͔, Coulomb holes ͓10-16͔, and correlation density functionals ͓17,18͔. The intracule densities in momentum space were applied ͓19-26͔ to the Coulomb correlation problem. However, these studies were carried out only on a limited number of light atoms and diatomic molecules based on basis-setexpansion wave functions, some of which may not be sufficiently accurate.
In the present paper, we report accurate Hartree-Fock intracule densities h(u) in position space and h(v) in momentum space for a series of 53 atoms from He (Zϭ2) to Xe (Zϭ54) in their ground state, where Z stands for atomic number. The numerical Hartree-Fock method is used instead of the conventional Roothaan-Hartree-Fock or basis-setexpansion method. Systematic analysis of the resultant intracule densities shows that, in position space, the intracule density h(u) is a unimodal function with a maximum at u ϭ0 for all 53 atoms. In momentum space, on the other hand, the intracule densities h(v) are found to be classified into three types: ͑i͒ 18 atoms have a unimodal density with a maximum at vϭ0; ͑ii͒ 32 atoms have a unimodal density with a local minimum at vϭ0 and a maximum at vϾ0; and ͑iii͒ three atoms have a bimodal density with a primary maximum at vϭ0 and a secondary maximum at vϾ0. These different features of the densities h(u) and h(v) are discussed in detail based on the contributions of electrons in a pair of atomic subshells and of atomic spin orbitals. Hartree atomic units are used throughout this paper.
II. COMPUTATIONAL METHOD

A. Theoretical grounds
We consider the case where a Hartree-Fock wave function of an N-electron atom or atomic ion is expressed by a single Slater determinant of N spinorbitals j (r) j (), and where the spatial orbital j (r) has a form
in which Y lm (⍀) is a spherical harmonic and rϭ(r,⍀ r ). 
where the summations run over every other integers between the specified values, the symbols a k (lm;lЈmЈ) and b k (lm;lЈmЈ) are Condon-Shortley parameters ͓29͔, and
A momentum-space N-electron wave function is given by the 3N-dimensional Fourier transformation of the corresponding position-space wave function. Then the HartreeFock wave function in momentum space has exactly the same determinantal structure as that in position space, provided that a position orbital k (r) is replaced with the corresponding momentum orbital 
Expanding exp(Ϫip•r) in Eq. ͑9͒ by means of plane waves ͓30͔ and integrating over the angular variable ⍀ r , we find the momentum orbital corresponding to Eq. ͑3͒ to be
where pϭ(p,⍀ p ) and
Consequently, theoretical structures of the spherically averaged intracule density are the same in position and momentum spaces, and all the position-space results hold in momentum space as well, if we replace h(u) with h(v) and R k (r) with P k (p).
B. Numerical procedure
Each of atomic LS multiplets is expressed in general by a linear combination of a finite number of Slater determinants in the Hartree-Fock theory, where L and S represent the total orbital and spin angular momentum quantum numbers, respectively. For the neutral atoms He (Zϭ2) through Xe (Z ϭ54) in their experimental ground state ͓31͔, we first examined the structure of the corresponding Hartree-Fock wave functions, and confirmed that among (2Lϩ1)(2Sϩ1) multiplets there exists at least one state with a set of specific z-component M L and M S values of L and S that results in a single determinant wave function, to which our method described in Sec. II A can be applied.
For these ground LS terms of the 53 atoms, the radial functions R j (r) in position space were generated by the numerical Hartree-Fock method based on a modified and enhanced version of the MCHF72 code ͓32͔. A table of the ground electronic configurations and LS terms examined in this study can be found in Ref. ͓33͔. Then the products r 2 R j (r)R k (r) of two radial functions were numerically Hankel transformed to obtain W l jk (s), by using the algorithm of Talman ͓34͔. Following Eqs. ͑6͒, ͑7a͒, and ͑7b͒, we obtain the function H jk (s) as the sum of products of two W l jk (s) with appropriate coefficients. The parameters a k and b k were taken from the Slater's book ͓35͔. An additional Hankel transformation ͓Eq. ͑5͔͒ of the function H jk (s) gives the spherically averaged intracule density h jk (u) .
In momentum space, the position-space radial functions R j (r), generated by numerical Hartree-Fock calculations, were first Hankel transformed to obtain the momentum-space radial functions P j (p) according to Eq. ͑11͒. Then the same procedure as in position space was applied to derive h jk (v) . section the densities are normalized to unity instead of N(NϪ1)/2 for all 53 atoms, in order to avoid large numbers and to facilitate mutual comparison. The intracule densities of F and Al atoms decrease smoothly as u increases. The densities of Mn, Kr, and Cd atoms are also monotonically decreasing functions, but have shoulders. In the case of the Kr atom, for example, a shoulder is observed in the region 0.05рuр0.15. Analogous and systematic examinations show that the intracule density h(u) in position space is a unimodal function with a maximum at uϭ0 for all 53 atoms considered in this study. Table I summarizes the maximum height h max ϭh(0) of h(u). The maxima h max increase gradually with increasing Z, and a formula h(0)Х0.0424Z 2.3 /(ZϪ1) is found to be an excellent approximation. The intracule density h(u) at u ϭ0 is called ͓36͔ the electron-electron coalescence density, and represents the probability density of finding any two electrons at the same position. A detailed discussion on the property of the electron-electron coalescence density h(0) can be found in Refs. ͓36-39͔. The exact intracule density h(u) must satisfy ͓13͔ the cusp condition hЈ(0)ϭh(0), where hЈ(u)ϭdh(u)/du. However, we find from Eq. ͑5͒ that hЈ(0)ϭ0 within the Hartree-Fock framework, and hence the Hartree-Fock intracule density does not satisfy the correct electron-electron cusp condition.
A decomposition of the intracule density into subshellpair contributions shows that, for all the atoms, the largest contributions to h(u) come from the four innermost subshell pairs 1s1s, 1s2p, 2p2p, and 1s2s, which consist of one, 12, 15, and four spin-orbital-pair contributions, respectively, when fully occupied. For the Kr atom (Zϭ36), Fig. 2 illustrates these four contributions out of the total 36 subshellpair contributions. The 1s1s contribution is a unimodal function with a maximum at uϭ0, and decreases rapidly compared with the other main subshell-pair contributions. The value of the 1s1s contribution at uϭ0 is about six times larger than those of the remaining three contributions, and the 1s1s subshell pair is seen to make a significant contribution in a small u region. On the other hand, the 1s2p and 2 p2 p contributions are unimodal functions with a maximum at uϭ0.0672 and 0.0810, respectively, and these subshell pairs contribute to h(u) in the region where the 1s1s contribution is small. The smallest 1s2s contribution is a bimodal function with a primary maximum at uϭ0 and a secondary maximum at uϭ0.1103. Thus the subshell-pair decomposition clarifies that a shoulder in h(u) appears mainly when the 1s2 p contribution is large enough, as seen for Cd, Mn, and Kr atoms in Fig. 1 , whereas it does not appear when the contribution is small as seen for F and Al atoms. Figure 3 depicts typical spin-orbital-pair contributions h jk (u) to h(u) in Kr atom, where a total of 630 spin-orbital pairs exists. Figure 3͑a͒ shows the contributions from five spin-orbital pairs with different spins; 1s␣1s␤, 1s␣2s␤, 1s␣2p 0 ␤, 2p Ϫ1 ␣2p ϩ1 ␤, and 2s␣2 p 0 ␤. The 1s␣1s␤ pair gives a unimodal distribution with a maximum at uϭ0, and its contribution is more than ten times larger than the other four contributions. The 1s␣2s␤ contribution is a bimodal function with maxima at uϭ0 and 0.1171. The 1s␣2p 0 ␤ contribution is unimodal with a maximum at uϭ0.0527. The last two spin-orbital-pair contributions are small compared with the first three spin-orbital pairs. Figure 3͑b͒ shows the contributions from four spin-orbital pairs with the same spin: 
for any l j ,m j ,l k ,m k , and the property ͓40͔ of the kernel of Hankel transformations
͑13͒
Since the essential feature of spin-orbital-pair contributions shown in Fig. 3 for the Kr atom is the same for all 53 atoms, we conclude that the position-space intracule density h(u) is a unimodal function with a maximum at uϭ0 due to the predominant 1s␣1s␤ spin-orbital pair or 1s1s subshell-pair contribution. Figure 4 exemplifies the momentum-space intracule density h(v) for the same atoms examined in Fig. 1 in position space. All the momentum-space densities are also normalized to unity. In contrast with a single common modality observed for the position-space densities, Fig. 4 shows that in momentum space there are at least three different types of modality in the intracule densities depending on atoms. The The Tc atom has a local minimum h min ϭ1.6760(Ϫ3) at v min ϭ0.8252, and a secondary maximum h max ϭ1.6763(Ϫ3) at v min ϭ0.8796. The Cd atom has a local minimum h min ϭ1.0680(Ϫ3) at v min ϭ0.8300 and a secondary maximum h max ϭ1.0948(Ϫ3) at v max ϭ1.2081.
B. Intracule density in momentum space
intracule densities h(v) of Al and Mn atoms are unimodal functions with a maximum at vϭ0. The intracule densities of F and Kr atoms are unimodal with a maximum at v ϭ0.7892 and at vϭ0.6395, respectively. The intracule density for the Cd atom is bimodal with two maxima at vϭ0 and 1.2081. A systematic examination of all 53 atoms concludes that the momentum-space intracule densities are classified into the following three types based on the number of local maxima and their locations. Type A. Unimodal intracule density with a maximum at vϭ0. The next 18 atoms have densities of this type: He, group-2 atoms, transition atoms ͑Sc-V, Mn-Ni, Y, and Zr͒ with a doubly occupied s orbital, and group-13 atoms.
Type B. Unimodal intracule density with a local minimum at vϭ0 and a maximum at vϾ0. The next 32 atoms have type-B densities: group-1 atoms, transition atoms ͑Cr, Cu, Nb, Mo, Ru, Rh, and Ag͒ with a singly-occupied s orbital, Pd, group-14-17 atoms, and group-18 atoms except for He.
Type C. Bimodal intracule density with a primary maximum at vϭ0 and a secondary maximum at vϾ0. This also has a local minimum between the two maxima. Three atoms Tc, Zn, and Cd have type-C densities. Table II summarizes the above classification of the momentum-space intracule density h(v) together with the maximal subshell-pair contribution to it. If the subshell pairs in the table are grouped, five different subshell-pairs SS, SSЈ, SP, PP, and PD appear as maximal contributions, where the symbols S, P, and D denote the outermost subshells of the respective symmetries, and the symbol SЈ denotes the second outermost s subshell. Thus it is immediately seen that the momentum-space intracule density h(v) is governed by a few outermost subshell pairs, and depends explicitly on the valence configuration of an atom, in marked contrast to the position-space intracule density. (v) , and its location v max , which characterize the distribution of the momentum-space intracule density. When the atomic number increases within a period, there is a trend that h max decreases while v max increases, although it is subject to several exceptions. A special case of h(v) at vϭ0, h(0), represents ͓39͔ the electron-electron coalescence density in momentum space, which is the probability density for the momenta p j and p k of any pair of electrons j and k to be exactly the same. Some discussion on the momentum-space electron-electron coalescence density can be found in Ref.
͓39͔. In the Hartree-Fock approximation, a property hЈ(0) ϭ0 is derived from the momentum-space counterpart of Eq.
͑5͒.
For the Kr atom, Fig. 5 illustrates five major subshell-pair contributions, 4 p4 p, 4s4p, 4s4s, 3d4p, and 3s4s out of the total 36 subshell-pair contributions which constitute h(v). These subshell pairs consist respectively of 15, 12, 1, 60, and 4 spin-orbital-pair contributions, when the subshells are fully occupied. The 4 p4p, 4s4p, 3d4p, and 3s4s contributions have unimodal distributions with maxima at v ϭ0.6356, 0.6534, 2.9009, and 1.0316, respectively. However, the 3d4 p and 3s4s contributions are small compared to the others. The 4s4s contribution is a unimodal function with a maximum at vϭ0. The above behaviors of 4p4 p, 4s4p, 4s4s, 3d4p, and 3s4s contributions represent those of the outermost subshell pairs PP, SP, SS, PD, and SSЈ appealing in Table II . Therefore, the analysis of these subshell-pair contributions clarifies the relationship between the behaviors of the total intracule density and its maximal subshell-pair contribution given in Table II : When the SS subshell-pair contribution is large, the intracule density belongs to type A. When one of the subshell-pair contributions SSЈ, SP, PP, and PD is large, the density has type-B behavior. The type-C behavior of the intracule densities originates from a mixture of type-A and -B contributions from SS and SP subshell pairs ͑Tc atom͒ or from SS and PD subshell pairs ͑Zn and Cd atoms͒. Figure 6 exemplifies some spin-orbital-pair contributions h jk (v) to h(v) for the Kr atom. Figure 6͑a͒ shows the contributions from seven spin-orbital pairs with different spins; 3s␣4s␤, 3d Ϫ1 ␣3d ϩ1 ␤, 4s␣4s␤, 4s␣4p 0 ␤, 4p Ϫ1 ␣4p ϩ1 ␤, 3d 0 ␣4s␤, and 3d 0 ␣4p 0 ␤. The first five spin-orbital pairs have type-A distributions, whereas the last two spin-orbital pairs have type-B distributions. Note that when 3d orbitals participate, the contribution of the spinorbital pair is about 1 100 times smaller than that of the 4s␣4s␤ spin-orbital pair. Figure 6͑b͒ shows the contributions from six spin-orbital pairs with the same spin; 3s␣4s␣, 3d 0 ␣4s␣, 3d 0 ␣4p 0 ␣, 3d Ϫ1 ␣3d ϩ1 ␣, 4s␣4p 0 ␣, and 4 p Ϫ1 ␣4p ϩ1 ␣. As discussed in Sec. III A, spin-orbitalpair contributions with the same spin have zero value at v ϭ0 due to the Fermi hole in the Hartree-Fock theory, and hence such spin-orbital pairs necessarily have type-B distributions. The three contributions containing 3d orbitals are about 1 50 times smaller than the 4s␣4p 0 ␣ and 4 p Ϫ1 ␣4p ϩ1 ␣ contributions.
The behaviors of spin-orbital-pair contributions analyzed in Fig. 6 lead us to the conclusion that, in momentum space, spin-orbital-pairs with different spins in the SS, SP, PP, SSЈ, and DD subshell pairs contribute to the Type-A distribution, while all spin-orbital pairs with the same spin and spin-orbital pairs with different spins in the PD and SD subshell pairs contribute to the type-B distribution. A sum of these contributions of constituent spin-orbital pairs, which explicitly depend on the electronic configuration and the LS term, gives the subshell-pair contribution discussed before.
IV. CONCLUSION
Within the Hartree-Fock framework, we systematically examined the structure of spherically averaged intracule densities h(u) in position space and h(v) in momentum space for the atoms He through Xe in their ground state. The numerical Hartree-Fock method was used to construct these intracule densities. The contributions of subshell pairs and spin-orbital pairs to the total intracule density were analyzed in both spaces. For all 53 atoms, the position-space intracule density was found to be a unimodal function with a maximum at uϭ0 due to the predominant 1s1s subshell-pair contribution. In momentum space, however, the intracule densities were classified into three types based on their modalities. We further found that the different modalities in the momentum-space intracule densities originate from a few outermost subshell pairs. Thus the momentum-space intracule densities give us information about outer or valence electrons, whereas the position-space intracule densities mainly reflect the character of innermost 1s electrons.
